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Straightforward differentiation of the viscous terms in Eq.
(1) allows them to be written

2(eijdtjL/dXj -
(3)

In addition, the appropriate vector calculus identity allows
this expression to be rewritten as

(4)

In order to derive the vorticity transport equation, this ex-
pression is substituted into the equations of motion, each
term is divided by density p, and the entire expression is sub-
jected to the curl operator. Comparing this with Eq. (1) in
Ref. 1, it is clear that the additional variable viscosity terms

2 V X - (5)

must be addressed for general viscous flows.
The focus of interest in this study is the effect of the first

term in flows for which the approximation p^ constant,
A^O is a good one, yet /u, must be allowed to vary. In addi-
tion to various laminar flows, this situation is applicable to
turbulence modeling as well, in which /x is related to the local
flowfield properties. We consider, therefore, the following
term in the general vorticity transport balance:

(6)

For cases of interest in which JJL varies predominantly in one
direction, herein jc2, the components of the curl in the three
orthogonal directions are

V __a /e22d/A .
/ dx, \ dx, / '

a (e32dp,\_a /ei2
d*! V dx2 J dx3 \ d

d (e22dn\ __a /e12

d*! V dx2 / dx2 \ d
(7)

If #!, x2, and x3 are associated with the streamwise, normal,
and spanwise coordinates of a shear flow, it is clear that ex-
plicit three-dimensionality is required to impact streamwise
vorticity from variable viscosity terms. However, in two-
dimensional flow, the spanwise vorticity is affected by the
component of the curl in x3:

dx2

which may be written

/de22 del2\
\ dx{ dx2 / dxl M2

/ d co3\ 32fji
'VaxTT/ a*? ^12

(8)

(9)

If, in addition, u2<ul, this expression further reduces to
one-half of

dp / a at/! \
dx2 \dx2 dx2 /

or
d/x

d2/* dul

dx^ 3^9

dul

dx2 dx2 dx2 dx2

(10)

(H)

If, for example, /* exhibits some empirical dependence on,
say, du\/bx2, the vorticity generation will respond to a term
proportional to

dx
(12)

which, clearly, can undergo several sign changes across a
shear flow and contribute positive or negative terms to the
vorticity balance. The accurate representation of variable
viscosity effects is, therefore, critical in representing the
detailed vortical mechanics.
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Triple-Velocity Products in a Channel
with a Backward-Facing Step
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Introduction

P REDICTING physical behavior of separating and recir-
culating flows is an important aspect in aeronautics and

in many industrial problems. To improve turbulence model-
ing for such complex turbulent flows, it is necessary to con-
duct an extensive study of turbulence behavior in reattaching
shear flows.

Experimental observations by Chandrsuda and Bradshaw1

show that when the separated flow reattaches on a solid
wall, the separated mixing layer begins to change rapidly,
and large-scale eddies are suppressed due to the solid wall,
leading to a marked decrease in the triple-velocity products
of turbulence fluctuating velocities toward the solid surface
from the region of maximum turbulence intensity.

This paper focuses on the evaluation of the triple-velocity
products in the reattaching and redeveloping region behind a
step. As discussed above, the change in triple-velocity prod-
ucts is significant in the wake region, resulting in a con-
siderable variation in the diffusion rate of the Reynolds
stresses. Thus, it is important to reevaluate the existing
models of the third-order closure for better understanding of
such diffusion processes in the separated shear layers. In the
present paper four models of the third-order closure are ex-
amined, and the results are compared with the experimental
data of Chandrsuda and Bradshaw.1 The models considered
are those proposed by Daly and Harlow,2 Hanjalic and
Launder,3 Shir,4 and Cormack et al.5
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Third-Order Closure Models
The set of differential equations governing the transport

of the kinematic Reynolds stresses — w/w, can be written in
the form

(Ukuiuj)tk=-

(p/p) ( Uf

(1)
where U and u represent mean and fluctuating velocities,
respectively, and p shows fluctuating pressure.

Attention is focused primarily on the triple-velocity prod-
ucts—the first term inside the last bracket on the right-hand
side of Eq. (1), since the rest of the terms in that bracket are
insignificant compared with the first term. Algebraic correla-
tions for the triple-velocity products have been proposed by
several researchers; all of them are tested for parabolic shear
flows such as boundary layers, jets, wakes, and duct flows.
In the present paper four models are considered and tested
for the reattaching shear flows, including flow recirculation
near the step. These models are as follows:

1) The model of Daly and Harlow2

uiujuk = -Q.25Cp(k/e)ukue(uiuj),e

2) The model of Hanjalic and Launder3

(2)

3) The model of Shir4

(3)

(4)

4) The model of Cormack et al.5

+ 2— { 2a 3 (dikajt + b^a^ + djkau ) k, t

(aikajttt + <J(,-0tff, m) ) J

where

(5)

(6)

and the values for ctt are given in Table 1.
The coefficient Cp appearing in Eqs. (2-5) is unity in the

original forms. Upon comparison with the experimental data
for a separating and reattaching flow beyond a step, the
value of Cp had to be modified in order that the computed
levels of uiujuk agree with the experimental data. The
recommended values for Cp are given in the next section.

Results and Discussion
Before computing triple-velocity products in the region

behind a step, each component of the Reynolds stress equa-
tion (1) was solved along with the momentum, turbulence
energy, and turbulence energy dissipation rate equations.
The method for solving these equations is similar to that
used in Ref. 6, which may be referred to for a detailed
description.
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Fig. 1 Reynolds-stress profiles beyond the step.

Table 1 Values for a,

-9.14X10 -1.72xlO~2 -4.80xlO~2

To establish an optimum grid system, exploratory grid
tests were performed using 32 x 32, 42 x 42, and 52 x 52 mesh
sizes and several different grid expanding factors in the
downstream direction. Because computations with coarse
mesh sizes fail to provide a decipherable trend in the
Reynolds stress distributions, the mesh size of 52x52 was
used with an axial length of 50 step heights for a step ratio
of Y0/H=2.5. The grid expansion factors used in the
stream wise and transverse directions were 1.01 and 1.02,
respectively. _ _

Figure 1 shows the normal Reynolds stresses (u2 and v2)
and the shear Reynolds stress (uv) distributions at three dif-
ferent locations in the flowfield beyond a step. As shown in
Fig. 1, all the Reynolds stresses decay in the region
downstream of the reattachment. In general, agreement bet-
ween the computed results and the experimental data of
Chandrsuda and Bradshaw1 is fairly good. Based on this
agreement with the experimental data, the values of these
Reynolds stresses were used to evaluate the algebraic models
of the triple-velocity correlations [Eqs. (2-5)].

Figure 2 represents the distribution of the triple-velocity
products at four different locations in the reattaching shear
layer. It is commonly observed that all the models under-
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Fig. 2 Triple-velocity product profiles beyond the step (original
models).

predict the levels of triple-velocity products everywhere.
While the model of Shir consistently gives low levels, the
model of Cormack et al. gives the highest levels for uvv and
vvv. The model of Daly-Harlow, which is most frequently
used, gives relatively lower levels except for uuv, whereas
the model of Hanjalic-Launder is more acceptable because it
gives reasonably high levels for every component of the
triple-velocity products.

In order to adjust for the discrepancy in the peak values of
the triple-velocity products, the multiplying factor Cp in Eqs.
(2-5) was incorporated to compensate suitably for the dif-
ference in the levels. This was done by dividing the ex-
perimental peak values of UjUjUk by those predicted by the
particular algebraic model. These factors were obtained for
uuv, uvv, and vvv profiles at x/H locations of 6.4, 8.4, 10.3,
and 12.3 for all four algebraic models.

Table 2 shows the values of these factors for individual
components and models. The overall factor for a particular
model is then obtained by averaging all the values of Cp for
all the components of UjUjUk for that model.

The triple-velocity products were recomputed by using the
overall averaged factors, and the results are shown in Fig. 3.
It is interesting to note that the peak values obtained by us-
ing the model of Hanjalic-Launder agree with the experimen-
tal data for all the components, whereas those obtained by
other models agree with the experimental data only for uvv
component. This indicates that, although the levels of the
triple-velocity products can easily be adjusted according to
flow conditions, we cannot necessarily obtain universally im-
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Fig. 3 Triple-velocity product profiles beyond the step (overall cor-
rection factors are used).

Table 2 Correction factors for UjUjiik for different algebraic models

uuv vvv uvv
Overall
average

Daly-Harlow 2.66
Hanjalic-Launder 4.18
Shir 7.68
Cormack et al. —

4.93 6.45 4.68
3.74 4.76 4.22

14.20 18.66 13.51
2.12 3.52 2.82

proved results for every component of UiUjUk when using
models other than that of Hanjalic-Launder.

The reason the model of Hanjalic-Launder gives better
results for all the components of uiujuk is that in the dervia-
tion process of this model the generation rates due to tur-
bulence stresses as well as the diffusion rates of utUjUk were
taken into account, although the convection and the genera-
tion rates due to mean strains were neglected (see Ref. 3).
The generation caused by the stresses is particularly signifi-
cant in the reattaching shear layer.

Unlike this model, the models of Daly-Harlow and Shir do
not include nonhomogeneous flow effects. That is, when the
Shir model, for example, is used, the transverse gradient of
u2 is the only component that evaluates the behavior of the
triple-velocity product uuv in the transport equation of u2.
The model of Daly-Harlow has an additional component
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that accounts for the variation of u2 in the streamwise direc-
tion for the corresponding product. However, these two
models are notably limited in comparison with the Hanjalic-
Launder model, which accounts for variations of the shear
stress in both directions in addition to the u2 variations. It
should, however, be noted that all the models would produce
similar results in an isotropic turbulence flowfield. __

The model of Cormack et al. was evaluated only for vvv
and uvv since the values computed for uuv using its original
form were not high enough to estimate the factor Cp within
a reasonable range (see Fig. 2). Otherwise, the values of Cp
derived using the model of Cormack et al. were the lowest,
indicating that this model gives the best agreement with ex-
periments when used in its original form.

Conclusions
1) The triple-velocity products need to be predicted ac-

curately in the reattaching shear layer in order to evaluate
appropriately the diffusion process of the Reynolds stress.
The behavior of the triple-velocity products in such a com-
plex turbulent flow is different from that in simpler flows.

2) All the existing algebraic models for the triple-velocity
products underpredict the levels of UjUjUk in the reattaching
shear layer. The predicted levels can easily be improved by
using a correction factor.

3) With the exception of the model of Hanjalic-Launder,
all models cannot be improved simply by employing a single
value for Cp. Thus, it is difficult to obtain a unique value
for the correction factor. This is because the Hanjalic-
Launder model is the only one that includes the generation
terms due to Reynolds stresses.

Finally, it was observed that none of the above models ac-
curately predict the overall levels of the triple-velocity prod-
ucts, primarily because the convection effect of the triple-
velocity products is never considered at all. This effect may
be small in simple shear layers but is significantly large when
the shear layer reattaches on a solid wall, creating high tur-
bulence energy near the wall and, subsequently, these high
levels are transported in the downstream direction. In conse-
quence, a transport model for uiujuk that takes this process
into account must be developed and tested for complex tur-
bulent flows.
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Introduction

THE continued pressure on aircraft manufacturers by com-
munities and regulatory agencies to reduce noise levels re-

quires a thorough analysis of the characteristics of the acoustic
field induced by the propulsion unit. To this end, the accurate
determination of noise levels generated specifically by pro-
pellers has been the subject of numerous experimental and
theoretical studies. Recent studies have utilized the Ffowcs
Williams-Hawkings formulation,1 an extension of LighthilPs
theory,2'3 to make significant contributions to the theory and
numerical computation of helicopter rotor and propeller
noise.4 However, the linear character of the present acoustic
calculations still does not account for the quadrupole noise
term, but does give reasonable correspondence with experi-
ment up to transonic tip speeds. In the present study, the pro-
peller noise in the acoustic near field is determined by integra-
tion of the pressure-time history in the tangential direction of
a numerically generated flowfield about the SR-3 propfan, in-
cluding the shock wave system in the vicinity of the propeller
tip. As a result, the quadrupole source terms are accounted for
in the present acoustic analysis, which yields overall sound
pressure levels and the associated frequency spectra as a func-
tion of observer location.

Prediction of the Transonic Flowfield
The propfan configuration used in this analysis is an eight-

blade SR-3 series propeller with a radius of 12.25 in. and blade
angle at three-quarter radius of 61.3 deg. The analysis was ap-
plied to this configuration operating at several different
freestream Mach numbers. The helical tip Mach numbers, ad-
vance ratios, rotational velocities, and power coefficients are
shown in Table 1.

The transonic flowfield around the SR-3 propeller and ax-
isymmetric spinner/nacelle configuration was computed us-
ing the NASPROP-E computer code developed by Sober et
al.5 The governing three-dimensional Euler equations are
formulated in weak conservation law form, subject to
transformation into body-fitted general coordinates. These
equations correctly describe most of the physical phenom-
ena, including nonlinear effects such as the propeller tip
shock wave system. The equations were solved in the blade-
to-blade physical domain using an implicit finite difference
approximate factorization scheme. Since central differencing
was applied, it was necessary to add numerical damping to
assure 'stable time marching. It is assumed that the periodic-
ity of the flow limits the size of the computational domain to
the region between two adjacent blades. Typically, the solu-
tion method used 45 points in the axial direction, 21 points
in the radial direction, and 11 points in the circumferential
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